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HOW TO WRITE MATHEMATICS

P. R. Halmos

0. Preface

This is a subjective essay, and its title is misleading; a more honest title

might be how i write mathematics. It started with a committee of the

American Mathematical Society, on which I served for a brief time, but it

quickly became a private project that ran away with me. In an effort to

bring it under control I asked a few friends to read it and criticize it. The

criticisms were excellent; they were sharp, honest, and constructive; and

they were contradictory. "Not enough concrète examples" said one ; "don't

agrée that more concrète examples are needed" said another. "Too long"
said one; "maybe more is needed" said another. "There are traditional
(and effective) methods of minimizing the tediousness of long proofs,
such as breaking them up in a séries of lemmas" said one. "One of the

things that irritâtes me greatly is the custom (especially of beginners) to

présent a proof as a long séries of elaborately stated, utterly boring lemmas"
said another.

There was one thing that most of my advisors agreed on; the writing
of such an essay is bound to be a thankless task. Advisor 1 : "By the time a

mathematician has written his second paper, he is convinced he. knows

how to write papers, and would react to advice with impatience." Advisor 2:

"Ail of us, I think, feel secretly that if we but bothered we could be really
first rate expositors. People who are quite modest about their mathematics
will get their dander up if their ability to write well is questioned." Advisor 3

used the strongest language; he warned me that since I cannot possibly
display great intellectual depth in a discussion of matters of technique,
I should not be surprised at "the scorn you may reap from some of our

more supercilious colleagues".

My advisors are established and well known mathematicians. A crédit
line from me hère wouldn't add a thing to their stature, but my possible
misunderstanding, misplacing, and misapplying their advice might cause
them annoyance and embarrassment. That is why I decided on the unschol
arlyprocédureof nameless quotations and the expression of nameless



thanks. I am not the less grateful for that, and not the less eager to acknow
ledgethatwithout their help this essay would hâve been worse.

"Hier stehe ich; ich kann nicht anders."

1. There is no recipe and what it is

I think I can tell someone how to write, but I can't think who would

want to listen. The ability to communicate effectively, the power to be

intelligible, is congénital, I believe, or, in any event, it is so early acquired
that by the time someone reads my wisdom on the subject he is likely to be

invariant under it. To understand a syllogism is not something you can

learn ; you are either born with the ability or you are not. In the same way,
effective exposition is not a teachable art; some can do it and some cannot.
There is no usable recipe for good writing.

Then why go on? A small reason is the hope that what I said isn't quite

right; and, any way, I'd like a chance to try to do what perhaps cannot be

done. A more practical reason is that in the other arts that require innate

talent, even the gifted ones who are born with it are not usually born with

full knowledge of ail the tricks of the trade. A few essays such as this may

serve to "remind" (in the sensé of Plato) the ones who want to be and are

destined to be the expositors of the future of the techniques found useful

by the expositors of the past.

The basic problem in writing mathematics is the same as in writing
biology, writing a novel, or writing directions for assembling a harpsi
chord:the problem is to communicate an idea. To do so, and to do it

clearly, you must hâve something to say, and you must hâve someone to

say it to, you must organize what you want to say, and you must arrange it

in the order you want it said in, you must write it, rewrite it, and re-rewrite
it several times, and you must be willing to think hard about and work

hard on mechanical détails such as diction, notation, and punctuation.
That' s ail there is to it.

2. Say something

It might seem unnecessary to insist that in order to say something
well you must hâve something to say, but it's no joke. Much bad writing,
mathematical and otherwise, is caused by a violation of that first principle.



Just as there are two ways for a séquence not to hâve a limit (no cluster

points or too many), there are two ways for a pièce of writing not to hâve

a subject (no ideas or too many).

The first disease is the harder one to catch. It is hard to write many

words about nothing, especially in mathematics, but it can be done, and

the resuit is bound to be hard to read. There is a classic crank book by

Cari Théodore Heisel [5] that serves as an example. It is full of correctly

spelled words strung together in grammatical sentences, but after three

décades of looking at it every now and then I still cannot read two consécu

tivepages and make a one-paragraph abstract of what they say ; the reason

is, I think, that they don't say anything.
The second disease is very common : there are many books that violate

the principle of having something to say by trying to say too many things.

Teachers of elementary mathematics in the U.S. A. frequently complain
that ail calculus books are bad. That is a case in point. Calculus books are

bad because there is no such subject as calculus; it is not a subject because

it is many subjects. What we call calculus nowadays is the union of a dab

of logic and set theory, some axiomatic theory of complète ordered fields,

analytic geometry and topology, the latter in both the "gênerai" sensé

(limits and continuous functions) and the algebraic sensé (orientation),
real-variable theory properly so called (differentiation), the combinatoric
symbol manipulation called formai intégration, the first steps of low
dimensionalmeasure theory, some differential geometry, the first steps of

the classical analysis of the trigonométrie, exponential, and logarithmic
functions, and, depending on the space available and the personal inclina
tionsof the author, some cook-book differential équations, elementary
mechanics, and a small assortment of applied mathematics. Any one of
thèse is hard to write a good book on; the mixture is impossible.

Nelson's little gem of a proof that a bounded harmonie function is a

constant [7] and Dunford and Schwartz's monumental treatise on functional
analysis [3] are examples of mathematical writings that hâve something
to say. Nelson's work is not quite half a page and Dunford-Schwartz is

more than four thousand times as long, but it is plain in each case that the

authors had an unambiguous idea of what they wanted to say. The subject
is clearly delineated; it is a subject; it hangs together; it is something to

say.

To hâve something to say is by far the most important ingrédient of

good exposition— so much so that if the idea is important enough, the
work has a chance to be immortal even if it is confusingly misorganized



and awkwardly expressed. Birkhoff's proof of the ergopic theorem [1] is

almost maximally confusing, and Vanzetti's "last letter" [9] is halting and

awkward, but surely anyone who reads them is glad that they were written.
To get by on the first principle alone is, however, only rarely possible and

never désirable.

3. Speak to someone

The second principle of good writing is to write for someone. When you
décide to write something, ask yourself who it is that you want to reach.

Are you writing a diary note to be read by yourself only, a letter to a friend,
a research announcement for specialists, or a textbook for undergraduates?
The problems are much the same in any case ; what varies is the amount of

motivation you need to put in, the extent of informality you may allow

yourself, the fussiness of the détail that is necessary, and the number of

times things hâve to be repeated. Ail writing is influenced by the audience,

but, given the audience, an author's problem is to communicate with it as

best he can.

Publishers know that 25 years is a respectable old âge for most mathe
maticalbooks ; for research papers rive years (at a guess) is the average âge

of obsolescence. (Of course there can be 50-year old papers that remain

alive and books that die in five.) Mathematical writing is ephemeral, to

be sure, but if you want to reach your audience now, you must write as if

for the âges.

I like to specify my audience not only in some vague, large sensé (e.g.,

professional topologists, or second year graduate students), but also in a

very spécifie, personal sensé. It helps me to think of a person, perhaps

someone I discussed the subject with two years ago, or perhaps a deliberately
obtuse, friendly colleague, and then to keep him in mind as I write. In

this essay, for instance, I am hoping to reach mathematics students who

are near the beginning of their thesis work, but, at the same time, I am

keeping my mental eye on a colleague whose ways can stand mending.
Of course I hope that (a)*he'll be converted to my ways, but (b) he won't
take offence if and when he realizes that I am writing for him.

There are advantages and disadvantages to addressing a very sharply

specified audience. A great advantage is that it makes easier the mind

reading that is necessary; a disadvantage is that it becomes tempting to

indulge in snide polemic comments and heavy-handed "in" jokes. It is



surely obvious what I mean by the disadvantage, and it is obviously bad;

avoid it. The advantage deserves further emphasis.

The writer must anticipate and avoid the reader's difficulties. As he

writes, he must keep trying to imagine what in the words being written may

tend to mislead the reader, and what will set him right. Fil give examples

of one or two things of this kind later; for now I emphasize that keeping a

spécifie reader in mind is not only helpful in this aspect of the writer' s work,

it is essential.

Perhaps it needn't be said, but it won't hurt to say, that the audience

actually reached may differ greatly from the intended one. There is nothing

that guarantees that a writer 's aim is always perfect. I still say it's better

to hâve a definite aim and hit something else, than to hâve an aim that is

too inclusive or too vaguely specified and hâve no chance of hitting anything.
Get ready, aim, and rire, and hope that you'll hit a target: the target you

were aiming at, for choice, but some target in préférence to none.

4. Organize first

The main contribution that an expository writer can make is to organize
and arrange the material so as to minimize the résistance and maximize
the insight of the reader and keep him on the track with no unintended
distractions. What, after ail, are the advantages of a book over a stack of

reprints? Answer: efficient and pleasant arrangement, emphasis where

emphasis is needed, the indication of interconnections, and the description
of the examples and counterexamples on which the theory is based ; in one

word, organization.
The discoverer of an idea, who may of course be the same as its expositor,

stumbled on it helter-skelter, inefïiciently, almost at random. If there

were no way to trim, to consolidate, and to rearrange the discovery, every
student would hâve to recapitulate it, there would be no advantage to be

gained from standing "on the shoulders of giants", and there would never
be time to learn something new that the previous génération did not
know.

Once you know what you want to say, and to whom you want to say it,
the next step is to make an outline. In my expérience that is usually impos
sible.Theidéal is to make an outline in which every preliminary heuristic
discussion, every lemma, every theorem, every corollary, every remark,
and every proof are mentioned, and in which ail thèse pièces occur in an




















































